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A New Strapdown Attitude Algorithm

Robin B. Miller*
Aeronautical Research Laboratories, Defence Science and Technology Organisation, Melbourne, Australia

This paper develops the application to the strapdown attitude problem of the rotation vector concept, in which
obtaining a solution for the rotation vector and updating the attitude quaternion are considered entirely
separately. A new rotation vector algorithm is derived which takes three samples of gyro data per update, and
offers greatly improved coning performance. This is obtained by making the assumption that gyro output varies
according to a third-order time relationship, rather than second or first order as in other algorithms. Per-
formance of the three sample algorithm is compared with well-known algorithms in a coning environment and in
a random motion environment. The quaternion updating may be performed to whatever degree of accuracy is
required: An economical modified fourth-order algorithm is proposed, and its comparative performance shown.
This approach to the problem gives versatility in that computing resources use may to some extent be tailored
according to the relative extents of coning and of fixed axis rotation in the expected environment.

Nomenclature

v =vector

0 =gyro output—a set of three samples, one from each axis
¢ =rotation vector

w =angular velocity

X = vector cross-product operator

* =quaternion ‘“‘multiplication’’ operator [Q*q= (Q,q,

-0-9), (Qyq+q,0+0x¢q) 1]

The scalar part of a quaternion is written either as Q,, q,,
or C; the vector part may be Q, g, or ¢S, according to the text.
The quaternion may be written, e.g., C, ¢S, or as an array:

C

9.8
$,S
¢.S

Introduction

HE traditional approach to the problem of updating the

quaternion or direction cosine matrix used as an attitude
reference parameter in strapdown inertial navigation systems
has been a solution of the differential equation of the
parameter by, for example, Taylor series or Runge-Kutta
techniques. The rotation vector concept was used by Bortz!
and Jordan? as a means of obtaining a correction to be ap-
plied to the gyro outputs to account for noncommutativity
effects. Gilmore? described an application where the gyro
outputs were used to make incremental updates of the
rotation vector in a “‘fast loop,”” with quaternion updating in
a “‘slow loop’’; this was based on the Bortz technique.

This paper will further develop the application of the
rotation vector concept, and will show the versatility and
relative conceptual simplicity of analysis which is available if
obtaining a rotation vector solution and updating the
quaternion are considered entirely separately. This analytical
concept will be used to derive an algorithm which, taking
three samples of gyro data per update, offers greatly im-
proved coning performance at some cost per update in
computer loading; alternatively, for a given coning per-
formance, the computer loading may be considerably
reduced. For example, the algorithm described by Gilmore
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was reported to have the same coning performance as the
“traditional” third-order Taylor series algorithm of
McKern,* with an approximately 50% reduction in computer
loading (that is, 1420 multiplications per second instead of
about 3000). The algorithm to be described offers this coning
performance for a computer loading of about 600 to 800
multiplications per second (update rate of about 15 to 20 Hz).

The rotation vector ¢ for the interval is defined as a vector
whose direction corresponds to the axis of, and whose length
corresponds to the magnitude of, the ‘‘fixed axis’’ rotation
which is equivalent to the total rotation undergone by the
body during the interval. The first part of the analysis in-
volves estimation of this vector from the gyro outputs ob-
tained during the interval. For this purpose, certain assump-
tions are made concerning the behavior of the gyro output
during the interval: e.g., that it varies linearly, or according to
a square law, or, as in this case, a cube law.

The quaternion updating section of the analysis is merely
the formation of the updating quaternion ¢(h4), which
corresponds to the rotation which occurred in the interval,
and using this to update the reference quaternion Q(7). The
g (h) is given by the usual quaternion relation:

q(h)y=C.¢S

where C=cos(¥2¢,), S= (1/¢,)sin(V2,), and ¢, = (¢-¢) *,
and the updated Q( 7T+ &) by quaternion ‘‘multiplication’’:

Q(T+h)=Q(T)*q(h)

Rotation Vector Estimation
The rotation vector equation is!

B (1) =w(t) + 15 (1) Xw(t) +Ad(1) X [$(1) X (1)}
A=1/12 ¢))
for present purposes, the triple cross-product term will be
assumed small enough to neglect. A Taylor series may be used
to obtain a solution for this equation:
O(T+h)=¢(T) +hé(T) + (h?/21) ¢(T) +... ¥))
A gyro output variation of the form

0(t) =at+bt? +c’ €))

will be assumed, over the interval from 7T to T+h. By
definition, (7T) and ¢ (T) are zero, and 0 <t <h.
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Repeated differentiation of Eq. (3) with respect to time
gives the relations at time 7(¢£=0):
(M =a &(T)=2b &(T)=6¢ o(N=0 &
Repeated differentiation of Eq. (1) with respect to time, and
application of Eqgs. (4) and the relation ¢(7) =0 gives the

results

d2 43
@{¢(T)}=2b -(—i—t;{¢(T)}=6c+(axb)
d+ ds

W{¢(T)}=6(a><0) a;[¢(T)}=12(b><c) &)

Putting Egs. (5) into Eq. (2) gives

1
¢ (T+h)=ah+bh?+ch’ + 5 h (axb)

+—I—h4(axc)+ih5(b>< 6
4 10 °) ©)

(Henceforth, ¢ ( T+ &) will be written ¢.)

The incremental gyro outputs at t='Yh, %h, and h are §,,
8,, and 0, respectively, with 8=6,+0,+0;. Putting these
into Eq. (3), we obtain three equations which yield the values
ofa, b, and c. ) .

When these values of a, b, and ¢ are substituted into Eq.
(6), it is found that

=0+X(0,%8,)+Y0,x (0,~0,) )

where X=0.4125 and Y=0.7125.
It will now be shown that coning performance may be
further improved by using the values X=0.45 and Y=0.675.

Application to Coning Motion

For the purposes of this exercise, we shall use a coning
motion as described in the Appendix, in which are given the
reference to body quaternion Q(¢), the true updating
quaternion q(#), the angular velocity w(f), and the gyro
output vector 8 (#) for the period from time fto (¢+ ). Gyro
output vectors, taken at the three intervals as above, were
used to calculate the estimated rotation vector ¢ for the
period, which is also in the Appendix, using Eq. (7). The
estimated updating quaternion §(4) is then given by the
relation

G(h)=C,¢S

where C=cos(Y26,), S= (1/¢,)sin(V2¢,), and ¢, = (¢-¢) *.
If the error in g (h) is represented by g (k) , then

d(ny=q(hy+G(h) '

[ Gy dp C
7 q; —So¢,
qlh)y=1| _ = *
q> q; —S¢y
L 63 q; _S¢Z

q,C—S{—q,0,—q,%,— ;9]
q,C—S{get,—a;9, +q,9.}
4, C—Stq;0,+q,%,- 49,9}

| 4;C—S{—q,0,+q,6,+,9.) ®
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Inspection of g(h) and ¢ shows that g,, g;, ¢,, and ¢, are
all periodic with frequency equal to the coning frequency, and
by inspection of Eq. (8), it can be seen that 4, and §; are
periodic; they contribute a reciprocating error. We are in-
terested in the nonperiodic errors in g (k) , because these act to
produce a drift rate error in the updated quaternion
Q(T+h). Such terms may be seen to occur in g,;. By in-
spection of the values of the terms g,, ¢;, ¢, and ¢, it may
be seen that ;¢ , — g,¢, = 0; therefore

4d,=q9,C—38q,9,

Similarly, the scalar component §,, and thus the magnitude
of the error rotation, are also found to be nonperiodic.

We are only interested in the first order of the error terms,
so we may put C=1, and S=12; also, we can neglect the
sin? (Vaa)sin?(Yawh) term in ¢q,, i.e., we may put g,=1;

therefore
g, =q;,~%2¢,

The error quaternion §(#) may be written cos(2¢,),
esin(2¢,), where e is the unit vector defining the axis of the
error rotation, and ¢, is the magnitude of the error rotation.

Thus the vector part § of §(h) is esin(V2¢,), and if ¢, is
small, then, approximately, e¢, =24.

In this example, the error drift rate appears on the x axis, so
we may put ¢, =24,. Therefore

¢.=29,—9¢,

Inserting the values of g, and ¢,, obtained from the Ap-
pendix:

6, = % a? {wh — sin (wh) — I6sin<§ wh)sin2 ( é wh)
X [Xcos ( é wh) + Y]}
i.e.,
.= é a? {wh+ (2X = )sin(wh) + (2X - 8Y) sin(é wh)}

If this is expanded by power series approximations for the
sine terms, we get the following coefficients of (wh):

(wh): 0
(ohyss ZEXEY=9/8)
: 864
. @2GX+Y-81/40)
(wh)>: 486
(s DEIBXH3Y=729/56)
[6)] N

131,220

If the coefficients of (wh)? and (wh)’ are set to zero, then
we get X=0.45, Y=0.675, and

_ aZ(wh)’
€T 204,120

which corresponds to a drift rate of approximately
Vaa?wh x 105,
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In this scheme, we are analyzing the error in the updating
quaternion §(h), whereas the quantity of real importance is
the error in the updated quaternion Q(7T+ k). The errors in
G (k) amount to a ‘“drift’’ error about the coning body axis,
together with reciprocating errors (at cone frequency), about
the other body axes. If we wished to obtain the error in the
updated quaternion Q(T+#), these errors in §(4) would
have to be transformed to the reference axes. However, the
angles of coning with which the analysis is concerned are
small, so it is not unreasonable to approximate the actual
errors [in Q(7T+#h)] by those occurring with respect to the
body axes.

Rotation Vectors in Other Algorithms

This method of analysis may be used to obtain some of the
more familiar algorithms. If it is assumed that the gyro
outputs follow a square law during the update interval, then ¢
in Eq. (3) equals zero, and Eq. (6) becomes

¢=ah+bh?+ (1/6)h’° (axb) )

If two gyro samples 0, and 8, are taken at the middle and
end of the update interval, the new values of @ and b may be
found, and substituted into Eq. (9), giving

6=0+2/3(0,%8,) (10)

This is Jordan’s% “‘preprocessor’’ algorithm.

If the gyro output 8, taken over the whole update interval,
and the previous gyro output 8, from the previous interval,
are used, the resulting rotation vector is found to be

=0+ (1/12) (8’ x9) (11)

This, in conjunction with third-order expansions for C and S
in the updating quaternion, is equivalent to the third-order
algorithm of McKern.*

If the gyro outputs are assumed linear over the update
interval, the angular velocity is thus assumed constant and
about a fixed axis; in this case, the rotation vector is simply

o=0 12)

This, in conjunction with a first- or second-order expansion
of C and S, gives the conventional first- or second-order
algorithm.

The same analysis of errors in coning may also be applied to
these algorithms, by calculating the corresponding values of
¢, for each, then obtaining ¢, . The results of this exercise give
the following small-angle coning drift rates: Two samples per
update algorithm, Eq. (10), a?w’h?/960; one sample plus
previous sample algorithm, Eq. (11), a?w’h?/60; and one
sample only algorithm, Eq. (12), a?w’h?/12.

Simulations were carried out to verify these results, for the
case of 1-deg half-angle coning. Third-order series ap-
proximations were used in calculation of the updating
quaternion. Drift errors appearing in the reference to body
quaternion were found to be in close agreement with the
above expressions. Figures 1 and 2 show the coning per-
formance of the various algorithms.

Gyro Data Quantization Effects

A series of coning simulations was carried out for one-plus-
previous sample, two sample, and three sample algorithms,
with simulated quantization of gyro outputs. Update rates
were 100 Hz, 50 Hz, and the range 15-50 Hz, respectively. The
range of quantization used was from 0.3 to 30 arc seconds.

It was found that algorithm performance at low coning
frequencies was limited by the quantization effect, and at
higher frequencies, by the bandwidth effect as indicated in
Fig. 1. The low-frequency quantization effect error was
essentially an angular offset, varying in direction, of
magnitude approximately equal to, or slightly less than, the
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Fig.2 Performance of algorithms in coning.

quantization magnitude. As the coning frequency was in-
creased, an underlying drift rate became apparent, until at the
higher frequencies, performance was essentially as indicated
in Fig. 1. The smaller the quantization, the lower was the
frequency (and magnitude) at which the drift rate could be
detected.

Performance degradation caused by quantization effects
was found to be substantially the same for all the algorithms
tested.

Quaternion Updating
This is the calculation of the updating quaternion ¢ (/):

q(h)=C,0S

where C=cos(Y26,), S=(1/¢,)sin(V29,), ¢,=(o-6)”, and
the application of ‘‘quaternion multiplication’’ to give the
updated reference quaternion:

Q(T+h) =Q(T)*q(h)

For a given value of ¢, the above result is exact, subject to
calculation of C and S. These can be obtained from the series
expansions of sine and cosine. The errors arising from ap-
proximations in calculating C and S may be referred to as
truncation errors—they arise from truncation of the sinz and
cosine series. In the case of a true fixed axis rotation, the
rotation vector is equal to the gyro output vector (all cross-
product terms in the rotation vector solution are zero), and
the primary source of algorithm error is the truncation error.

This was discussed by Wilcox,’ who showed that the third-
order approximation gave rise to errors of (¢4/480)¢; per
calculation; he also proposed a modified second-order ap-
proximation which gave errors (¢§/720)¢; (i=x,),z).

Modified Fourth-Order Approximation
A modified fourth-order approximation has
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giving drift errors per calculation of (¢§/40,320)¢,. This may
be derived by a method similar to that used by Wilcox to
obtain his modified second-order approximation: drift error
per update=2(SyC,—C\S, )¢, [Ref. 5, Eq. (49)]; the
fourth-order approximation includes terms to ¢f in C, and
terms to ¢3 in S. If we put .

2 4 1 2
% k20 na s,= L %0

Co=l= 1 t* 314 2 231

then it is found that £ =0.8 gives a zero coefficient of ¢4, and
the drift errors per calculation are (¢5/2471)24,.

As in the modified second-order method, the reduction in
drift error is accompanied by an increase in scale error; the
scale error is given by C%+¢3S% —1, which in this case is
equal to ¢7/480. The scale error is removed periodically by
normalization. ‘

Figure 3 illustrates the tradeoff between update.rates and
input angular velocity for truncation error drift rates of 1 and
0.1 milli-earth-rate-unit (Meru), for various orders of ap-
proximation in C and S. For the usual 50 to 100 Hz updating,
drift errors only become significant at high input rates, i.e.,
large rotation vector magnitudes; e.g., a 200-deg/s fixed axis
rotation updated at 50 Hz (4 deg per update rotation vector
magnitude) using third-order or modified second-order
approximations would give an error drift rate of about 1
Meru. The potential high rate capability of the laser gyro
might require a higher-order approximation if used in a high
rate application.

The improved coning performance of the three-sample
algorithm allows a lower iteration rate than is required for
other algorithms in a given environment. This will tend to
increase the rotation vector magnitude, and therefore the
truncation error, per update. Thus, if low iteration rates are
contemplated, consideration should also be given to in-
creasing the order of approximation used for Cand S.

Random Angular Vibration Environment

An evaluation of comparative algorithm performance was
carried out for a simulated random angular vibration en-
vironment.

Sequences of zero mean, unit variance samples were passed
through a second-order low-pass filter, to generate a power
spectral density as shown in Fig. 4. These were scaled and
applied as increments of rotation to the body axes, to simulate
gyro outputs. This was arranged in such a way that the same
simulated environment could be repeatedly applied for up-
dating at rates of up to 800 Hz. The 800-Hz updating runs
were used as baselines against which other runs at 50-Hz
update rate were compared. At a 25-Hz rate, the “‘errors’’ in
the reference to body quaternion, relative to the 800-Hz
reference to body quaternion at the corresponding times, were
calculated.

In these runs (of up to 60 s duration), it was not possible to
distinguish any drift rate: The errors were angular offsets,
having varying magnitude and direction. Magnitudes of the
angular offsets, outputted at 25 Hz, were averaged over 6 s
periods, with 23 of these periods for each algorithm. The
averages and the ranges of offset over these 23 periods are
shown in Fig. 5. It can be seen that the three sample algorithm
has considerably less offset than the two sample algorithm,
which has less offset than the single-plus-previous sample
algorithm. The single sample only algorithm was not tested.

Computer Loading
Calculation of the three sample rotation vector requires 18
multiplications and 15 additions; the two sample calculation
requires nine multiplications and six additions. Quaternion
updating, using the modified second-order method for C and
S, requires 20 multiplications (other than powers of 2) and 15
additions; using third order requires 23 multiplications and 16

J. GUIDANCE

additions. Higher orders for C and S require approximately
two extra multiplications and one extra addition for each
increase in order. Allowance must be made for normalization
(eight multiplications and four additions) of the updated
quaternion to be carried out at a low rate.

Consideration of these figures shows that the three sample
algorithm has a computer loading approximately 30% greater
than the two sample or the one-plus-previous sample
algorithm for a given iteration rate.
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Fig.3 Truncation errors for various approximation orders.
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Fig. 5 Errors of algorithms in vibration test.
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Conclusion

The technique of partitioning the attitude updating
calculations into rotation vector estimation followed by
quaternion multiplication has been used to derive a new at-
titude algorithm. This gives greatly improved performance in
a coning environment and some improvement in performance
in a random angular vibration environment, in comparison
with current methods, at the expense of approximately 30%
greater computer loading per update.

Alternatively, for comparable coning environment per-
formance, this algorithm requires a lower iteration rate than
current methods. Consequently the computer loading, in
terms of multiplications per second, may be approximately
halved.

In a purely fixed axis rotation environment, the three
sample per update algorithm accuracy is the same as that of a
two or a one sample algorithm. However, in any practical
application, there will be some combination of fixed axis and
coning rotation. The relative proportions of these components
may influence the choice of algorithm.

The choice of order of approximations in the estimation of
the updating quaternion should also be influenced by the
expected environment: The larger is the magnitude of the
rotation vector, the higher must be the order of ap-
proximation for a given accuracy. The use of higher orders is
not very expensive of computation; however, for a case where
the computation load is critical, a modified fourth-order
approximation has been derived, which gives drift per-
formance almost as good as fifth or sixth order.

Appendix: Coning Motion

Consider a body with body axes x, y, z, and a set of
reference axes X, Y, Z, having a common origin O, at some
time (7).

Let the relationship of reference to body axes be obtained
by a rotation through an angle a about a line OL in the YZ
and yz planes.

If OL is given an angular velocity w about X, the axis x will
describe a cone of half-angle a about X, and the axes y and 2
will experience oscillatory motions about Y and Z, respec-
tively. The rotation vector representing the rotation from
reference to body axes is of magnitude @, and direction along
OL. If the (arbitrary) time origin is chosen with OL along the
Y axis, then this rotation vector has components:
[0,acos(wt),asin(wf)]. The reference to body quaternion
Q(¢) is therefore

cos{ »2a)
0
o= (A1)
sin( 22a) cos (wt)
sin{ #2a) sin (wt)

Let g(h) represent the rotation of the body from its
position at time (¢) to its position at time (£ + %) ; then

Q(t+h) =Q(t)*q(h)

i.e.,
q(h)y=Q(t) ~"+Q(t+h)
this gives
g, 1—2sin? (¥a)sin? (V2wh)
q; —sin? (Y2a) sin(wh)
q(h) = =
q, —sin(a)sin( Y2wh)sin[w(t+ 2h) ]
q; sin{a)sin( Y2wh)cos[w(t+ 12h) ] (A2)
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The quaternion differential equation is given by

Q) =4Q()*[w(2) 18
therefore

[w(£)18=2Q1(£)*Q(1)

where [ ]8 signifies body axes coordinates.
The result of performing the arithmetic is

— 2wsin? ( 12a)
[w(?)]B=]| —wsin(a)sin(wt) (A3)
wsin (@) cos (wt)

The output vector of a triad of rate integrating gyroscopes
sensing body axis movements between time (¢) and (¢+h) is

6(h) = S:H [w(7) 18dr
—2whsin? (Y2a)
=1{ —2sin(a)sin{2wh)sin[w(t+ ¥2h)]
2sin(a)sin (Y wh)cos[w(t+ 22h) ] V (A4)

When three gyro sample sets per update period are taken,
the values may be obtained from Eq. (A4). They are given by

—E
—Fsinlo(t+ah)]
Feos[w(t+ah)]
where E=%whsin?(Y2a), F=2sin(a)sin[(1/6)wh], and
a=1/6, 1/2, 5/6 for 8,, 8,, 0;, respectively. If these values

are inserted into Eq. (7), then, after manipulation, and
assuming small a,

| [ oo ()
[xeos( L o) 7))

o)l )]

REE SN

(A5;

where

G= L a2 (x+ Yyohsi (i h)' (i h)
—30 whsin 6w sin 3(.0
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